The color excitations of interacting fermions carrying an SU (3) color and U (N f ) flavor index in one spatial dimension are studied in the framework of a perturbed SU (3) N f WessZumino-Novikov-Witten model. Using Bethe ansatz methods the low energy quasi-particles are found to be massive solitons forming SU (3) quark and antiquark multiplets. In addition to the color index the solitons carry an internal degree of freedom with non-integer quantum dimension. These zero modes are identified as non-Abelian anyons satisfying SU (3) N f fusion rules. Controlling the soliton density by external fields allows to drive the condensation of these anyons into various collective states. The latter are described by parafermionic cosets related to the symmetry of the system. Based on the numerical solution of the thermodynamic Bethe ansatz equations we propose a low temperature phase diagram for this model.
I. INTRODUCTION
The remarkable properties of topological states of matter which cannot be characterized by a local order parameter but rather through their global entanglement properties have attracted tremendous interest in recent years. One particular consequence of the non-trivial bulk order is the existence of fractionalized quasi-particle excitations with unconventional statistics, so-called non-Abelian anyons. The ongoing search for physical realizations of these objects is driven by the possible utilization of their exotic properties, in particular in the quest for reliable quantum computing where the topological nature of non-Abelian anyons makes them a potentially promising resource [1, 2] . Candidate systems supporting excitations with fractionalized zero energy degrees of freedom are the topologically ordered phases of two-dimensional quantum matter such as the fractional quantum Hall states or p + ip superconductors [3] [4] [5] . In these systems the presence of gapped non-Abelian anyons in the bulk leads to anomalous physics at the edges of the probe or at boundaries between phases of different topological order.
To characterize the latter it is essential to understand the properties of an ensemble of anyons where interactions lift the degeneracies of the anyonic zero modes and correlated many-anyon states arXiv:1808.05808v1 [cond-mat.str-el] 17 Aug 2018 are formed. One approach towards a classification of the possible collective states of interacting anyons has been to study effective lattice models [6] [7] [8] [9] [10] [11] [12] . Here the local degrees of freedom are objects in a braided tensor category with operations describing their fusion and braiding. Note that both the Hilbert space of the many-anyon system and the possible local interactions in the lattice model are determined by the fusion rules. These models allow for studies of many interacting anyons in one spatial dimension, both using numerical or, after fine-tuning of couplings to make them integrable, analytical methods thereby providing important insights into the collective behaviour of non-Abelian anyons. However, the question of how these degrees of freedom can be realized in a microscopic physical system is beyond its scope of this approach. In addition, the effective anyon models do not contain parameters, e.g. external fields, which would allow to drive a controlled transition from a phase with isolated anyons into a condensate.
Here we address these questions starting from a particular one-dimensional system of fermions:
it is well known that strong correlations together with the quantum fluctuations in such systems may lead to the fractionalization of the elementary degrees of freedom of the constituents, the best-known example being spin-charge separation in correlated electron systems such as the onedimensional Hubbard model [13] . A similar phenomenon can be observed in a system of spin-1/2 electrons with an additional orbital degree of freedom which is integrable by Bethe ansatz methods [14, 15] : in the presence of a particularly chosen interaction the elementary excitations in the spin sector of this system are massive solitons (or kinks) connecting the different topological ground states of the model. On these kinks there are localized zero energy modes which, based on the exact low temperature thermodynamics, have been identified as spin-1/2 anyons satisfying SU (2) k fusion rules. The mass and density of the kinks (and therefore the anyons) can be controlled by the external magnetic field applied in the underlying electron system. This allows to study the condensation of the anyons into a the collective phase described by a parafermionic conformal field theory.
Below we extend this work by considering fermions forming an SU (3) 'color' and an additional U (N f ) flavor multiplet. We focus on the lowest energy excitations in the color subsector of the model in the presence of external fields coupled to the Cartan generators of the global SU (3) symmetry. The spectrum of quasi-particles and the low temperature thermodynamics of the model are studied using Bethe ansatz methods. Using a combination of analytical methods and numerical solution of the nonlinear thermodynamic Bethe ansatz integral equations we identify anyonic zero modes which are localized on massive solitons in 'quark' and 'antiquark' color multiplets or bound states thereof. For sufficiently strong fields the mass gaps of the solitons close and the anyonic modes overlap. The resulting interaction lifts the degeneracy of the zero modes and the anyons condense into a phase with dispersing collective excitations whose low energy behaviour is described by parafermionic cosets. The transitions between the various topological phases realized by these anyons are signaled by singularities in thermodynamic quantities at low temperatures. These are signatures of anyon condensation, complementing similar studies of two-dimensional topological systems [16] [17] [18] [19] .
II. INTEGRABILITY STUDY OF PERTURBED SU(3) N f WZNW MODEL
We consider a system described by fermion fields forming a SU (3) 'color' multiplet and an auxiliary U (N f ) 'flavor' multiplet. In the presence of weak interactions preserving the U (1) charge, color, and flavor symmetries separately, conformal embedding can be used to split the Hamiltonian into a sum of three commuting parts describing the fractionalized degrees of freedom in the collective states [20] . The non-Abelian color degrees of freedom are described in terms of a critical SU (3) N f Wess-Zumino-Novikov-Witten model perturbed by current-current interactions with
Hamiltonian density
Here J andJ are the right-and left-moving SU (3) N f Kac-Moody currents. In terms of the corresponding fermion fields their components are
where h i (i = 1, 2) are the generators of the SU (3) Cartan subalgebra and e α denote the ladder operator for the root α in the Cartan-Weyl basis (1 ≤ a, b ≤ 3 and 1 ≤ k ≤ N f are color and flavor indices, respectively).
The spectrum of (2.1) can be obtained using Bethe ansatz methods, see e.g. [21, 22] , based on the observation that the underlying structures coincide with those of an integrable deformation of the SU (3) magnet with Dynkin label (N f , 0) [23] [24] [25] [26] [27] [28] . Specifically, placing N = N α fermions into a box of length L with periodic boundary conditions and applying magnetic fields H 1 , H 2 coupled to the conserved charges the energy eigenvalues in the sector with
where e N f (λ
where e k (x) = sinh
Based on these equations the thermodynamics of the model can be studied provided that the solutions to the Bethe equations describing the eigenstates in the limit N → ∞ are known. Here we argue that the root configurations corresponding to the ground state and excitations relevant for the low temperature behaviour of (2.1)
can be built based on the string hypothesis for the U q (sl(2)) models [32] , i.e. that in the thermodynamic limit the Bethe roots λ (m) α on both levels m = 1, 2 can be grouped into 'j-strings' of length n j and with parity v n j ∈ {±1}
with real centers λ (m) j,α ∈ R. The allowed lengths and parities depend on the parameter p 0 . In the following we further simplify our discussion by assuming p 0 = N f +1/ν with integer ν > 2 where the following N f +ν different string configurations contribute to the low temperature thermodynamics:
Within the root density approach the Bethe equations are rewritten as coupled integral equations for the densities of these strings [33] . For vanishing magnetic fields one finds that the Bethe root configuration corresponding to the lowest energy state is described by finite densities of j 0 -strings on both levels m = 1, 2. The elementary excitations above this ground state are of three types: similar as in the isotropic magnet [34] (λ) and bare energies
(2.6)
is the soliton mass while Z 1 = 
with masses
Note that the mass of the breathers with j 1 =j 0 coincides with that of the solitons. The magnetic fields, however, couple to these modes in a different way, indicating that they are descendents of the SU (3) highest weight states in the quark and antiquark multiplet. Therefore excitations of types j 0 andj 0 will both be labelled solitons (or quarks and antiquarks for solitons on level m = 1 and 2, respectively) below. The masses and SU (3) charges of the auxiliary modes vanish, i.e.
The energy density of a macro-state with densities given by (2.5) is
III. LOW TEMPERATURE THERMODYNAMICS
Additional insights into the physical properties of the different quasi-particles appearing in the Bethe ansatz solution of the model (2.1) can be obtained from its low temperature thermodynamics.
The equilibrium state at finite temperature is obtained by minimizing the free energy, F/N = E − T S, with the combinatorial entropy density [35] 
The resulting thermodynamic Bethe ansatz (TBA) equations for the dressed energies
It is convenient to rewrite the equations for the auxiliary modes j ∈ {j 2 } RSOS models of A 2 type up to the driving terms [36] . The free energy per particle in terms of the solutions to the TBA equations for the solitons and breathers as Note that in this case the high energy quark and the low energy antiquark levels are twofold degenerate.
For
j0 (0)) closes and the system forms a collective state of these objects. In this phase the degeneracy of the auxiliary modes is lifted. Increasing the field to Z 1 H 1 M 0 the gaps of the antiquarks (
j0 (0) and Solving the TBA equations (3.2) we obtain the spectrum of the model (2.1) for given temperature T and fields. In the following we restrict ourselves to the regime
corresponds to interchanging the two levels of the Bethe ansatz. From the expressions (2.6) and (2.7) for the bare energies of the elementary excitations we can deduce the qualitative behaviour of these modes at low temperatures: As long as Z 1 H 1 + Z 2 H 2 M 0 solitons and breathers remain gapped. Increasing the fields with H 1 > H 2 the gap of the quarks (m = 1 in (2.6)) closes once
For larger fields they condense into a phase with finite density ρ respectively. 1 Note that in the latter case the spectra of elementary excitations on level 1 and 2 1 We note that the highest energy soliton levels are not captured by the string hypothesis (2.4). However, since the gaps of these modes grow with the magnetic field they do not contribute to the low temperature thermodynamics studied in this paper. coincide,
j for all j.
Based on this picture we now discuss the behaviour of the free energy as function of the fields at temperatures small compared to the relevant energy scales, i.e. the masses or Fermi energies of the solitons, 0 < T
A. Non-interacting solitons
For fields Z 1 H 1 + Z 2 H 2 M 0 solitons and breathers are gapped. At temperatures small compared to the gaps of the solitons the nonlinear integral equations (3.2) can be solved by iteration:
the energies of the massive excitations are well described by their first order approximation [14] while those of the auxiliary modes are given by the asymptotic solution of (3.3) for |λ| → ∞ [37] 1 + e
For solitons and breathers this implies (Q ≡ 1 + e
resulting in the free energy
As observed in Refs. [14, 15] each of the terms appearing in this expression is the free energy of an ideal gas of particles with the corresponding mass carrying an internal degree of freedom with non-integer 'quantum dimension' Q for the solitons and Q 2 for the breathers (j 1 =j 0 ). Their
can be controlled by variation of the temperature and the fields, which act as chemical potentials.
For the interpretation of this observation we consider fields H 1 > H 2 and
where the dominant contribution to the free energy is that of the lowest energy quarks, j = j 0 , m = 1. Their degeneracy Q coincides with the quantum dimension of the anyons satisfying SU (3) N f fusion rules with topological charge [1, 0] 
see Refs. [36, 38, 39] . Here [x 1 , x 2 ] denotes the Young diagram with x i nodes in the i-th row.
Following the discussion in Ref. [14] we interpret this as a signature for the presence of SU (3) N f anyonic zero modes bound to the quarks. The degeneracy Q 2 of the breather can be understood as a consequence of the breather being a bound state of two quarks, each contributing a factor Q to the quantum dimension: from the fusion rule for SU (3) N f [1, 0] and [1, 1] anyons,
for N f > 1, the degeneracy of this bound state is obtained to be
B. Condensate of quarks
For fields
M 0 the quarks in the SU (3) highest weight state form a condensate, while the contribution to the free energy of the other solitons and the breathers can be neglected. For large fields Z 1 H 1 M 0 −Z 2 H 2 the low temperature thermodynamics in this regime can be studied analytically: following [40] we observe that the dressed energies and densities can be related as
for λ > λ δ with a sufficiently large exp(πλ δ /2) 1. f ( ) = 1/(1 + e ) is the Fermi function.
Inserting this into (3.1) we get (φ
The integrals over φ (m) j can be performed giving
In the regime considered here, i.e.
we conclude from (3.2),(3.3) that
and therefore 16) we conclude that ρ 
for N = 2, 3 we get the following low-temperature behavior of the entropy
This is consistent with an effective description of the low energy collective modes in this regime through the coset SU (3) N f /SU (2) N f conformal field theory with central charge
Using the conformal embedding [41] (see also [42] ) 20) where
N denotes generalized parafermions [43] , the collective modes can equivalently be described by a product of a free U (1) boson contributing c = 1 to the central charge and a parafermion coset
To study the transition from the gas of free anyons to the condensate of quarks described by the CFT (3.20) at intermediate fields
we have solved the TBA equations (3.2) numerically. Similar as in Ref. [15] this can be done choosing suitable initial distributions and iterating the integral equations for given fields H 1 , H 2 , temperature T and anisotropy parameter p 0 .
Using (3.4) the entropy can be computed from the numerical data as
determined by the quarks and the auxiliary modes on the first level which propagate with Fermi
where Λ is defined by
pf is the same for all auxiliary modes (j ∈ {j 2 }, m = 1)
The resulting low temperature entropy is the sum of contributions from a U (1) boson (quark) and a Z SU (3) N f /Z SU (2) N f parafermionic coset (from the auxiliary modes)
This behavior is consistent with the conformal embedding (3.20) . Note that both Fermi velocities depend on the field H 1 and approach 1 as H 1 H 1,δ , see Fig. 3 . Therefore, in this limit the entropy 
pf , respectively (full red line). For magnetic fields Z 1 H 1 < M 0 and temperature T M 0 the entropy is that of a dilute gas of non-interacting quasi-particles with degenerate internal degree of freedom due to the anyons.
C. Condensate of quarks and antiquarks
For fields H 1 ≥ H 2 M 0 /(Z 1 + Z 2 ) the system forms a collective state of solitons (j = j 0 ) on both levels, m = 1, 2. Again, the low temperature thermodynamics can be studied analytically for
. Repeating the analysis of Section III B we conclude from Eqs. (3.2),
and therefore giving S (m) j (λ δ ) = 0 for all j, m. Using the relation (3.17) the low-temperature behavior of the entropy is found to be
in the phase with finite soliton density on both levels. The low energy excitations near the Fermi points temperature entropy separate into 
pf , and v
pf . The resulting low-temperature entropy behavior is found to be Fig . 7 shows the transition between the different regimes described above.
IV. SUMMARY AND CONCLUSION
We have studied the low temperature behaviour realized in a perturbed SU ( . In their logarithmic form they read
where
are integers (or half-integers) and we have introduced the functions 
where a * b denotes a convolution and r(j) is defined in Appendix A of [15] . The bare densities 
We rewrite the energy density E = E/N using (2.2) and the solutions ρ 
where we introduced the bare energies
0,j (λ) = n j H 2 .
It turns out that the energy (A5) is minimized by a configuration, where only the strings of length N f have a finite density. After inverting the kernels A 
The inverse of the Fourier transformed kernel B
(1) j 2 k 2 (ω) is given by C j 2 k 2 = δ j 2 k 2 −s(δ j 2 k 2 +1 +δ j 2 k 2 −1 ) [44] . Hence, the Fourier transformed kernels C 
